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Abstract
Observations of long-term north-south asymmetry in solar activity demand the equator-symmetric (quadrupo-
lar) mode be present in the solar magnetic field in line with the dominant antisymmetric (dipolar) mode. This

paper

Toroidal pseudo-fluxes (PF) in the northern and southern
hemispheres are defined as a signed sunspot area with plus or minus sign prescribed to them in accord with
the Hale’s sunspot polarity rules. Statistical correlation analysis and wavelet analysis of so-defined PFs reveal
quadrupolar oscillations with a period of about 16 yr and amplitude of about 0.17 relative to the amplitude of the

dominant 22-yr dipolar mode.
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1. Introduction

Solar dynamo models allow two types of magnetic field mo-
des: symmetric (quadrupolar) and antisymmetric (dipolar)
about the solar equator (Charbonneau, 2020). Observations
point to the dipolar mode as being dominant on the Sun. Hale’s
polarity laws (Hale et al., 1919) imply opposite signs of the
subsurface toroidal field in the northern and southern hemi-
spheres. Polar magnetic fields tend to have opposite polari-
ties as well (see Sect. 3.6 in Hathaway, 2015). Stenflo (1988)
analysed 26 years of synoptic observations of the Sun’s mag-
netic field and found that the field of dipolar parity is about
ten times stronger compared to the quadrupolar field and the
dipolar field only shows a 22-yr magnetic cycle (see also
Stenflo and Giidel, 1988).

It is however unlikely that there is no cycling quadrupolar
field on the Sun. A purely dipolar field is equatorially sym-
metric in the sense of magnetic energy. The energy symmetry
would mean equal levels of magnetic activity in the northern
and southern hemispheres. Observations however show sta-
tistically significant long-term north-south (NS) asymmetry
varying on a time scale of several solar cycles (Oliver and
Ballester, 1994; Zolotova and Ponyavin, 2006; Badalyan and
Obridko, 2011; Nagovitsyn and Kuleshova, 2015; Das et al.,
2021).

A theory of the long-term hemispheric asymmetry of so-
lar activity has to explain where the large-scale quadrupolar
field is coming from. Several theoretical models for NS solar
asymmetry have been proposed converging to the idea that
the quadrupolar dynamo mode results from equator-asymme-
tric fluctuations in dynamo parameters (Usoskin et al., 2009;

Schiissler and Cameron, 2018; Karak et al., 2018; Nepom-
nyashchikh et al., 2019; Nagy et al., 2019; Kitchatinov and
Khlystova, 2021). The models predict quasi-periodic quadru-
polar oscillations with smaller amplitude and somewhat shor-
ter period compared to the basic dipolar mode. Irregular wan-
dering in amplitude and phase is also predicted for the ran-
domly forced quadrupolar mode. The predictions remain to
be confronted with observations.

Observational testing of whether quadrupolar magnetic
oscillations are present in the Sun is however not easy be-
cause theory and observations are ‘speaking different langua-
ges’. The dynamo theory operates with vector magnetic fields
and observations of solar activity refer to sunspot numbers
and areas or other essentially positive scalar quantities (the
number of solar cycles covered by magnetographic observa-
tions is too small for statistical analysis).

This paper attempts to use the statistics of sunspot ar-
eas as a proxy for subsurface magnetic flux to reveal the
quadrupolar dynamo mode. Disregarding the small rotation-
ally induced average tilt and large tilt scatter (Jiang et al.,
2014), bipolar groups of sunspots tend to be aligned in an
east-west direction. The orientation can be understood as the
manifestation of a deep subsurface toroidal field (D’Silva and
Choudhuri, 1993; Schiissler, 2002). The field strength av-
eraged over the sunspot varies within a factor of about 1.5
only (Solanki, 2003). The spots’ magnetic flux is roughly
proportional to the area (Nagovitsyn et al., 2016). We de-
fine the pseudo-flux (PF) of the toroidal magnetic field sepa-
rately for the northern and southern hemispheres as a sunspot
area with a positive or negative sign prescribed in accord
with Hale’s polarity rules. Statistical analysis of so-defined
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Figure 1. Area of the northern (blue line) and southern (red)
spots smoothed with the 24-months Gaussian filter of

Eq. (1).
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PFs shows quasi-periodic quadrupolar oscillations with a pe-
riod of about 16 yr (8 yr for energy oscillations) and about six
times smaller mean amplitude compared to the well-known
22-yr dipolar oscillations. This is probably the first observati-
on-based detection of a quadrupolar dynamo mode for the
Sun.

2. Data and method

We use the joint series of monthly averages of sunspot area
data of the Royal Greenwich Observatory and Solar Optical
Observing Network of USAF!. The series consists of sunspot
areas in millionths of a hemisphere (mph) for 1709 months
from May 1874 to September 2016 separately for the north-
ern and southern hemispheres. Dating of the series was chan-
ged to measuring time (¢) in years by the rule t = Year +
(Month No—0.5)/12,1.e. the difference in month durations
was neglected.

When it was necessary to smooth noisy monthly data,
smoothing with the 24-month Gaussian filter (Hathaway, 2015)

ey

was applied, where ¢ is time in years. Figure 1 shows the
sunspot area for the northern and southern hemispheres smo-
othed with this filter. This figure gives another version of
Fig. 35 from (Hathaway, 2015) where the two figures overlap.
The new version is used to show that though some cycles
have double maxima, all minima fall on a certain date. Dates
of the minima in the northern and southern hemispheres are
listed in Tab. 1.

We consider the spot area for a given hemisphere as proxy
for the subsurface toroidal magnetic flux in this hemisphere
and introduce the toroidal PF by prescribing a plus or minus
sign to the monthly spot area in a given hemisphere in ac-
cord with the Hale’s polarity rule. This rule means a positive
(negative) PF in the northern (southern) hemisphere for so-
lar cycle 24 and the sign reversal at each minimum date of
Tab. 1 for each alternate cycle in either hemisphere. This rule

d(t)=e /2 _e2(3-12/2)

Ihttps://solarscience.msfc.nasa.gov/greenwch.shtml

Table 1. Dates and values of sunspot area minima in the
northern and southern hemispheres. The area values are
monthly data smoothed with 24-month Gaussian filter of

Eq. (1).

North South
Cycle Date Area Date Area
No (Yr/Mon) (mph) (Yr/Mon) (mph)
12 1878/06 20.3 1878/09 22.5
13 1889/02 15.6 1889/10 62.9
14 1901/03 23.8 1901/09 18.4
15 1912/09 6.7 1913/03 19.6
16 1923/05 89.9 1923/09 42.5
17 1934/02 62.4 1933/02 26.6
18 1944/05  104.1  1943/09 76.2
19 1954/02 81.4 1954/02 47.2
20 1964/09  102.5 1965/01 159
21 1976/02 1174  1976/03 74.8
22 1986/02 75.4 1986/04 81.5
23 1996/05 43.6 1996/05 67.3
24 2008/03 7.4 2009/02 18.3

leaves the sign of PFs at the dates of spot area minima un-
certain. The signs of PFs for the two neighboring dates are
however definite. The same sign was prescribed to the PF of
a minimum date as the neighboring PF with larger absolute
value has. The sign definition for small PFs of the minima
dates is of minor significance. Nullifying PFs for the minima
dates leads to essentially the same results.

The dipolar (F' D) and quadrupolar (F'Q) parts of the total
PF can be compiled from their northern (¥'/N) and southern
(F'S) parts as follows

FQ = (FN+FS)/2,

FD (FN — FS)/2. 2)
The aim of this paper is to probe sunspot data for the

presence of long-term quadrupolar oscillations in the solar

magnetic field. The presence of quasi-periodic variations in

a time dependent variable F'(t) can be probed with the corre-
lation function

1 N—n

E: F%h)me+nL

i=1

C(ndt) = 3)

N

n

where dt is the time increment in the data series and N is the
total number of the data points; §t is one month and N =
1709 for the sunspot data we use. Kitchatinov and Khlystova
(2021) used the correlation function to reveal quasi-periodic
quadrupolar oscillations in magnetic fields of their dynamo
model. If the function F'(t) is strictly periodic, the correlation
function (3) is periodic as well. Phase-wandering of quasi-
periodic oscillations in F'(¢) result in decaying oscillations of
the correlation function (Kitchatinov and Khlystova, 2021).

Another method in use for revealing quasi-periodic varia-
tions is wavelet analysis. Maxima in the power

Wi(p) =| Fi(p) |? )
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Figure 2. Monthly values of dipolar (blue line) and
quadrupolar (red) parts of PFs of Eq. (2).
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Figure 3. PFs of dipolar and quadrupolar equatorial parity
smoothed with 24-months Gaussian filter.
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of the wavelet transform

N
Fp)=>" o = (ti — t> F(t;) (5)

iz P p

show the dates ¢ where oscillations of the period p in the
variable F'(t) are most pronounced (see, e.g., Torrence and
Campo, 1998). We use wavelet Morlet basis function

\I/(T) _ 7T71/467T2/2 (efiwr _ e7w2/2) ’ (6)

where w = 27 — 1/(4m) is the wavelet normalized angu-
lar frequency. The factor 6t/p is used in Eq.(5) instead of
conventional 1/dt/p to avoid artificial suppression of short
periodicity.

3. Results and discussion

Dipolar and quadrupolar parts of monthly mean PFs are shown
in Fig.2. The values are noisy and have to be smoothed.
Smoothing with 24-month Gaussian filter of Eq. (1) reveals
cyclic variations in the dominant dipolar PF of Fig. 3.
Variations of the smoothed quadrupolar PF are less reg-
ular as it should be expected for the quadrupolar mode ex-
citation by short-term fluctuations in parameters of the solar
dynamo (Schiissler and Cameron, 2018; Nepomnyashchikh
et al., 2019). The dynamo model for NS solar asymmetry by
Kitchatinov and Khlystova (2021) suggests that the quadrupo-
lar dynamo-mode is excited by the dominant dipolar mode
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Figure 4. Autocorrelation functions of Eq. (3) for the
dipolar (a) and quadrupolar (b) PFs of Eq. (2).
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Figure 5. Morlet wavelet power spectrum for the

quadrupolar PF of Fig. 3 normalized to the maximum value
one. The red line shows the cone of influence (outside of
which borders of the data range influence the results). The
horizontal dotted line shows the period of 16 yr. Levels
below 0.05 are not shown.
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via the equator-symmetric fluctuations in the Babcock-Leigh-
ton mechanism. The model predicts that the quadrupolar
magnetic field tends to vary in-phase or in antiphase with the
dipolar mode with relatively fast transitions between these
two states. The antiphase variation can be seen at the begin-
ning and at the end of the date range of Fig.3 and in-phase
variation is present at the beginning of its second half. Tran-
sitions between these two states are not fast however.

The presence of a periodic part in variations of quadrupo-
lar PF is more evident in its auto-correlation function in Fig. 4.
The difference between the instants of successive crossings
of zero in the figure estimates half-cycle of the oscillation. Es-
timation from the right panel of Fig. 4 gives a half-period of
about 8 yr for the quadrupolar oscillations. This is distinctly
shorter than the 10.7 yrs for the half-period of the dominant
dipolar mode estimated from panel (a) in this figure.

The autocorrelation value at zero argument estimates the
mean squared amplitude A% ~ 2C(0) of a quasi-periodic os-
cillation. Judging from Fig. 4, the amplitude of the quadrupo-
lar mode is about 6 times smaller compared to the dipolar
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Figure 6. The same as Fig. 5 but for dipolar PF. The

estimated period of 21.4 yr is shown by the dotted line.
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mode. This value can be taken as only a rough estimation
for the amplitudes of solar dynamo modes because the rela-
tion of PFs to the magnetic field strength is not known. The
estimated period of the quadrupolar mode is more certain.

This periodicity is evident in the wavelet power spectrum
for the quadrupolar PF of Fig.5 also. The total period of
about 16 yr is pronounced in the second half of the date range.
This is partly because the solar cycles’ amplitude is larger for
these dates (Fig. 1). The known 22 yr period (21.4 yr for the
present case) of dipolar oscillations is also more pronounced
in the second half of the date range of Fig. 6.

Reproducing the dominance of dipolar magnetic fields
was not a trivial task for solar dynamo models (Chatterjee et
al., 2004; Hotta and Yokoyama, 2010). Any dynamo model
predicts the properties of the subdominant quadrupolar modes
also. The 16 yr period (about 8 yr for the more commonly
used half-period of energy oscillations) of the quadrupolar
mode is a further constraint for the solar dynamo models.

4. Conclusion

Using the sunspot area as proxy for the magnetic flux of
the subsurface toroidal field helps to reveal a subdominant
quadrupolar mode in the solar magnetic flux in line with the
known dominant dipolar mode. The sign of the so-defined
pseudo-flux can be prescribed after the Hale’s (Hale et al.
(1919) polarity rules. Statistical analysis of the quadrupolar
pseudo-flux shows mean period of about 16 yr in its temporal
variations and amplitude of about 0.17 relative to the dipo-
lar mode. The temporal variations are quasi-periodic with
irregular variations present in their phase and amplitude, as it
should be if the quadrupolar mode is excited by the dominant
dipolar mode via random fluctuations in dynamo parameters
(Kitchatinov and Khlystova, 2021). Observations of long-
term NS asymmetry of solar activity (Oliver and Ballester,
1994; Zolotova and Ponyavin, 2006; Badalyan and Obridko,
2011; Das et al., 2021) imply the presence of a quadrupolar
component in the large-scale magnetic field. The presence

of a quadrupolar dynamo-mode in the Sun is now confirmed
with sunspot data.
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